A

International Journal on Emerging Technologies 10(2b): 208-216(2019)

ISSN No. (Print) : 0975-8364
ISSN No. (Online) : 2249-3255

Fixed Point Theorems on Partial b-Metric Space using Fuzzy Mapping

Surjeet Singh Chauhan(Gonder)’ and Rubal Nandal?
Department of Mathematics, Chandigarh University, Mohali, Punjab, INDIA.

(Corresponding author: Surjeet Singh Chauhan (Gonder))
(Received 15 May 2019, Revised 07 July 2019, Accepted 09 August 2019)
(Published by Research Trend, Website: www.researchtrend.net)

ABSTRACT: In the present work, we prove some fixed point theorems on partial b-metric space using fuzzy
mapping for single and pair of mappings. These theorems extends the work of Shoaib et al. published in
Fixed Point Theory and Application in 2018. One example is also given in the support of our result.
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I. INTRODUCTION

Theory of the fixed point plays a key role in the various
disciplines. This theory has many applications in pure as
well as in applied mathematics. In 1922 Stefan Banach
[1] proposed the idea of fixed point in contraction
principle known as Banach Contraction Principle and it
is most important and useful result in the fixed point
theory. It got importance due to its application in the
iterations work with the help of computer.

The fuzzy set notion was studied by Zadeh [2] in 1965.
Then Butnariu [3] and Weiss [4] proposed the concept
of fuzzy mapping and proved various fixed point results
using this mapping. Later, the fuzzy contraction
mapping introduced by Heilpern [5] and by using the
fuzzy contraction mapping a fixed point theorem has
been proved which is a fuzzy analogue of Nadler’s[6]
fixed point theorem for the multivalued mapping.

The generalization of usual metric space named as b-
metric space was presented by the Bakhtin [7] and
Czerwik [8] in 1989.After that many results are given in
B-generalized weak contractive multi-functions and b-
metric spaces [9-11].

Steve G Matthew [12] proposed the Partial metric space
in 1994 and Banach contraction theorem was proved
under the conditions of partial metric space.

In 2014, Satish Shukla [13] proposed the partial b-metric
and using the Kannan type mapping, a fixed point
theorem for Banach contraction was proved on this
space.

In this present work, we introduce a fuzzy mapping in
partial b-metric space and also some fixed point
theorems are proved on the partial b-metric space using
the fuzzy mapping for single as well as for the two
mappings.

Definition 1.1[14] Let Y =0 and t =1 and function
d',:Y xY - [0,00) is b-metric when it satisfies the below
mentioned properties:

() d'pl fi)=0 Vel fi'€EY

(i) d'ye i) =0iffe)’ =f
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(i) d'p(er', i) =d'n(fi'e1")

(iv) d'p(er.fi) <

tld'p (e, iy") + d'p(, i)l
then the pair (Y, d',) is known as the b-metric space and
it is the extension of usual metric space.

Ve, fi',i,/ €Y

Definition 1.2[15] Let Y+ @ and function d',:Y XY -
[0,0) is known as partial-metric when it satisfies the
below conditions:
(i) e’ =fi'
edylee)= d’p(e1’rf1’) = d’p(f1’rf1’) voe'f
EY
(i) 0< d’p(e1’re1’) < d’p(e1’rf1’)
(iif) d’p(e1’rf1’) = d’p(f1’re1’)
(iv) d’p(e1’rf1’) +d', (i, 4) < [d’p(efrif) +
d’p(i1’rf1’)] s Vel i fi' €Y
Then the pair(Y,d',) is known as partial metric space.

Definition 1.3[17] Let Y # @ and t be a positive integer
and function d',,:Y XY —» R* is known as partial b-
metric when it satisfies the following axioms:
U e’ =fif
Aad d’pb(efref) = d’pb(e1’rf1’)
=d (i . iV e fi' €Y
(i) d’pb(e1’re1’) < d’pb(e1’rf1’)
(iii) d’pb(e1’rf1’) = d’pb(f1’re1’)
(iv) d'ppler’, i) +d pp(ia i) <
t[d’pb(efrlﬁ’) + d’pb(i1’rf1’)] ;
Ve f, i,€EY
then (Y,d',) is known as the partial b-metric space.
Then it is clear that class of d',, metric space is
effectively larger than d', metric space and when we
take t=1, d',,,is a d',metric space.
Then the each partial metric p on Y generates the
topology 7,0n X with base of the family of openp-
balls{ Bp(e,',7'):e," €Y,r" > 0},
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whereBp (e, 7)) = {f;' € Y; d’pb(e1’rf1’) <
d' (e ey) +1'}
Next we are giving one Example of Partial b Metric
Space
Example 1.1 Let Y = Q* U {0} and a functiond’,,:Y x
Y—>Y by dp(' n'")=In"—-r'"| then we show
that (¥, d',p) be partial b-metric space.
Proof: d',, (", ") = Iry"" —1,"|

) n"=n"

ed 0" n") =d 0" ") =d 0" ")

|r1” —_ r1”| = |r1” —_ rz”l = |r2/7 —_ rz”l
0=|r,"—1,"|=0
@ rlff = rsz

(i) d,pb(rl”rrl”) =" -n"|
<" =n"|
<dpp(n,r")

d,pb(rl”rrl”) < d’pb(ﬁ”rrz”)

(i) d'pp (") = I = 15"
= Ir" 1"l

= d’pb(rz”rrl”)

(V) d'pp(n”,13"") =" —13"|
=|r" =2r" +2r," —r;
=" —-nr"+r" —r" +1r," —nr"|
S =n" |+ =" =" —n"|
Stlln" ="+ " —13"(]
- Iy
—n"| as [t = 1]
(1715 < E[d (1371 + ' (73]
- d’pb(rz”rrz”)
then, it satisfies all the conditions of partial b-metric
space. So, (Y, d',p) is a partial b-metric space.
Definition 1.4[17] Let (Y,d’,;) is partial b-metric space
and let a sequence {y,} in Y and y;* € Y. Then
(i) Sequence {y,} is convergent to y
iflim,, . d'pp (Y, y17) €Xists and it is finite.
Here y;™ is known as a d'p,,-limit of {y,,}.

Hl

"

(ii) In (Y,d',,) sequence {y,}is a cauchy
sequence if limy ;e d'pp (Vn Vi) €Xists
and it is finite.

(iif) Let (Y,d'p,) be the complete partial b-
metric space if every Cauchy sequence
{yn}inYthere3y," eYs.t.

omd Oy Ym) = 1M A Oy y17) = d'pp 017 317)
The limit of convergent sequence may not be unique in
partial b-metric space.

Definition1.5 [15] Let A be subset of N is said to be
closed in (N,p) if it is closed w.r.t.tp. Then A subset is
known as bounded in(N,d’,;) if there is ny € N and M >
0

Such that a € Bp,(ng,M)¥acAie.,
d'pp(ng,mg) + M Vac€A.

Let CB™(N) is collection of all closed, non-empty and
bounded subsets of N wrt the partial b-
metricd’,,,.Ford € CBP(N),we define

d'py(no, @) <

Chauhan & Nandal

d’pb(xrA) = infyl*eAd,pb(Xsyl*)-

In A, there is atleast one best approximation if each
y:* € N , then A is said to be proximinal set. The set of
all proximinal subsets of N is denoted by the P(N).
Definition1.6 [18] The function Hdrpb:P(N)xP(N)—>
[0, ), defined by
Hy, (A,B) = max{supaes d'pp(a, B), suppeg d'pp (4, b)}
is called partial Hausdroff b-metric space on P(N).
A function with domain N be fuzzy set in N and the
values belongs to [0,1], then the group of all the fuzzy
sets in N is F(N). If a fuzzy set K and y,* €Y , then
K(y:*) is function value which is known as the grade of
membership of y,* in K. Thena-level set of the fuzzy set
is represented by [K], and defined as follows:
[K], = {y,": K(y,*) = a} where a € (0,1]

[K]o = {y:": K(y1") = 0}
Let N + ¢ and J is metric space. Then a mapping V is
fuzzy mapping if mapping V from N into F(J). Fuzzy
mapping V be the fuzzy subset on N xj with
membership function V(y,*)(x) be grade of membership
of x in V(y,*). Here, we represent the a-level set of
Vy:7) as[V(y19)]le- [16]
Definition1.7 [16] A point y,* € N is known as the fuzzy
fixed point of the fuzzy mapping T:N - F(N) if3a €
(0,1], such that,y,* € [Ty,"]a-
Lemma 1.1[18] Let two non-empty proximal subsets V
and W of partial b-metric space(X,d',,) and if v* €
V then

d'py W, W) < H(V,W)

Lemma 1.2[18] Let (X,d’pb)be partial b-metric space
and let (P(N), Hdrpb)is partial Hausdorff b-metric space.
Then, VV,W € P(N) and for each v* € V, there exists
w*,- € W satisfying

d'pp W W) =d' (v, w'y)
then,

Hdrpb(V, W)z d'pp(a,wy)

Il. MAIN RESULT

In this section, our purpose is to prove some fixed point
theorems under fuzzy mapping for single as well as for
two self-mappings.

Definition 2.1: Let (X, d',;) be partial b-metric space
with the constant t 2 1 and a mapping V:X — F(X) is
known as the multi valued generalized contraction if

Hd’pb([Vx]a(x)r [Vy]a(y)) < ald’pb (xr [Vx]a(x))
+a2d’pb(yr [Vy]a(y))
[d'pb(xr [Vylaw)) +
+ az ,
d pb ()’r [Vx]a(x))

{d’pb (x, [Vy]a(y)) +d'pp 0 [Vl o))}

n % d’pb(yr [Vy]a(y))
3t| d’pb(xry) + d’pb(yr [Vy]a(y)) |

as
+Edpb(x,y)
for all x,yeX and a; >0, i = 1,2,...5 with ta; +a, +
t(t+1)a3+%+%<1.
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Theorem 2.1 Let (Y,d',;) be the complete partial b- +Ed,pb(mj—1rmj)
metric space with constant t > 1. Let V:Y - F(Y) is 2t

. th P . ~ .
fuzzy mapping, and let m, is any arbitrary point in Y. Let Then by using 4™ condition of partial b-metric space, we

there Ja(m)e (0,1] vmevYand V satisfies the g?t ,
following conditions: d pb(mjrmjﬂ) <ad pb(mj—lvmj)
Hd’pb([Vm]a(m)r [Vn]a(n)) < ald’pb (m, [Vm]a(m)) +a2d:pb (m-, mj+1)
+a2d’pb(np [Vn]a(n)) t{,d pb(mj_1,mj) +
d’pp (m, [Vnlaemy) +as d'pp(mj,myp,)} —
+aj p d’ (m- m-) +d (m- m-)
+d,l’b(n' [Vm]a(m)) pb\ 7Y, 1Yy pb\ My, M;
{d' oo (1 V1 o)) + ' (1, [V ) } {d'pp(mj_y,mygs) + d'pp (my,m;)}
a4 ' oy (0, V1) ) d’ pp (M, mj41)

3t d'py (m,n) + d' py (n, VNl oy t| d'pp(my_g,my) + d'pp (my,my)

+%d’pb(m, n +%d’pb(mj_1,mj)
d'pp (M, 1m541) < ard’ pp (M1, 1) + azd’ p (1,141
a3[ td' pp(my—1,m)
+ td'pp (mj,mj+1)

Andd’pb(mo, [Vmo]a(mo)) <v(l-tv)rvymmne

W),r>0andtv< 1,

where v = M Ya
(1—(a2+ta3+?)) +

Also,a; = 0, wherei=12...5withta, +a, + +Ed’pb(mj—1rmj)

tt+Daz+2+% <landa; +a,+2a;+ 2+ % <
3 2 3 2 as
r r
d pb(m-,mj+1) < (a1 + taz + Z) d pb(mj_i,mj) +

a, ,
3 d Pb(m"mj+1)
2t
1whereY? a;<1. Then, there exist m* in
B o * * g\ -,

By, (mg,r)such thatm” € [Vm*] g (az +ta; + ?) d pb(m-,mj+1)

Proof: Let my, be any arbitrary point in Y such that a, ,
my € [VMolam,)- Let @ sequence {m;} of points in Y (1 - (az +tas "’?))d pb (M) mj4q) <

such that m; € [Vm,_ . asy .,
. 1 [ 1 1]a(ml—1) (a1 + ta3 + Z) d pb(mj—lrmj)
First, we show that m, € By, (mg,7) VR E N ( " )
, , a, +tas+2
d'pp (Mg, M) = d' pp (o, [V1Molamy)) < V(L —tV)r <7 d'pp(mj,mjyy) < ! S . d’ pp(mj_y,m;)
= my € By, (g, 7). Let my,ms, ......m; € Bgr , (Mo, 7), j (1 - (az +taz + ?)>
. eN. d'py (M, my1) < vd'py(mj_g, m;)
Now, by using lemma 1.1 we get (as+tas+23)
, Wherev = —— 2= <1
d pb(m.,mjﬂ) =Hy, ([me‘1]a(mj_1)' [ij]a(mj)> (1—(a2+ta3+?))
<ad ( [V ] ) On the same way, we get
a mi_q, |Vm;_ :
= e\ T Ha(m;-) d'pp (M, mjyy) < vid' p,(me,my)(1)
+a,d’' pp (mj, [ij] ) ) Now,
«Cm) td' (Mo, my) +
N d'pp (mj—p [ij]a(mj)> + d'pp (Mo, mjyy) < [ t2d pp(my,my) + -+
a ji ’
’ d'pp (mjr [vm;_4] ) +EIy (my,mysn)
_ a(mj-1) i —d'pp (my,my) —
{d’pb (mj—l' [ij]a(mj)> +d'pp (mjv [me‘i]a(mj_1)>} d'pp(my,my) — -
—d’ (m- m-)
' pb ]
N a, d'pp (mj' [ij]a(xj)>
3t r r ! :
d pb(mj_i,mj) +d pb (m], [Vm]]a(m])> d pb(mOrm]+1)
td' (Mg, my) +
< [t?vd' pp(mo,my) + -
as , j+1.,7 47
+Zd Pb(mj—lrmj) +t/*vid pb(mOrml).
j
< ayd'py (Mo, my)) + azd’ i (15, M40 ,
, - d pb(mhrmh)
[d oo (M1, M) +] =
+a; , =
d'py (mj,my) (2)
{d' oo (M, mjpy) + d'pp (m,m;)} Now, we show that d’,, (my,, mp) = 0
G4 d’pb(mjrmjﬂ) Then,
3t| d'pp(mj—ymy) + d’ iy (M), M) d'pp (M) = Har, (VM- amy 30 (V-1 Lo, )

< ald’pb (mh—1r [th—1]a(mh_1))
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+a,d'pp (mh—p [th—1]a(mh_1))
+ a [d,pb(mh—lr [th—1]a(mh_1)) +
d’pb (mh—p [th—1]a(mh_1))
7{d,pb (mh—lr [th—l]a(mh_l)) +}7
d,pb(mh—lr [th—1]a(mh_1))
Ay d,pb(mh—v [th—l]a(mh_l))
3t d'pp(Mp_g,mp_g) +

d’pb (mh—lr [th—l]a(mh_l))

as
+ Ed,pb(mh—lrmh—l)
< ard’ pp (Mp_g, mp) + azd’ pp (Mp_q, my)
'y (Mp—q,mp,) +
d’pb (mp_q, my,)
{d’pb(mh—lr mp) + d,pb(mh—lrmh)}
Ay d’pp (Mp—1,Mp)
3t|d' pp (Mp_g, Mp_g) + A’y (Mp_y, M)

+as

+ %d,pb(mh—lrmh—1)
< (ag +a; +2a3)d’ pp(Mp_q, my)
{Zd’pb(mh—lrmh)}
Ay d'pp (Mp_1, M)
3t|d pp(My_g, Mp_q) +|
l d'pb(mh—pmh) J

as
+ 2% d’pp(Mp_1,mp_4)

Then by 1 condition of partial b-metric space
d'pp(mp,myp) < (a1 + ap + 2a3)d’,, (Mp_1, mp,)
[{Zd’pb(mh—lrmh)}]
Ay d,pb(mh—lrmh)

l d'pb(mh—pmh) J
as
+ Zd po (Mg, mp)
< (a1 + ay + 2a3)d' p,(Mp_y, my)
{Zd’pb(mh_l,mh)}
Ay d,pb(mh—bmh)

3t| 2d'pp(Mp_r,myp)

as
+ Zd’pb(mh_i,mh)

< (ag + ay + 2a3)d’,, (My_g, my,)
Qay
+§d’pb(mh_1,mh)

as
+ Zd’pb(mh_i,mh)
A, Qs

< (a1 +a,+2a; + 3 + ?) d' pp (Mg, myp)

d’pp(mp, mp) < Ad',p (Mpp—q, my,)

d' pp (mp,mp) < 2%d' 5, (M, My_1)
and so on.

d'pp (my,my) < A"d' 1, (Mg, my)
Whered = a; +a, + 2a; +%+%
Then by taking limit h — o, we get
d,pb(mhrmh) =0

Now, from (2) we get

td' (Mg, my) +
&'y mjes) < |2Vl i)
ey d’ pp(mg, my)

‘ t1-)))
d pb(mo'mj+1) = 1—tv d pb(mOrml)
t(1— (tv)!
d’pb(mo,mj+1) < %V(l —tvr<r

= mj,, € By, (my,r). Hence by induction m €
By, (mo,7) forall L€ N.

Now, we show that sequence {m;} is a Cauchy
sequence.

So, equation (1) can be written as

d'pp (my,mysq) S vt (mg,my)

Letiand [ be two positive integers, i <1

A (momy) < td" ( m;, Mgy + )
pb ) = pb d,pb(mi+1rml

- d,pb(mi+1rmi+1)
d'pp(my,my) < td',p(my,msq) +
tzd’pb(mi+1rmi+2) +t+
tl_id,pb(ml—lrml)
d’'pp(m;,my) < [tvid’pb(mOrmi) +
2y’ (mg,my) + -+

it d ), (mg,my)]
1+t +e2vi+ -+
d’,p(m;,m) < tv' [ plmioy lim1 d',p (Mg, my)
i
d.,,(m;,m) <-——
pb( i l) 1—vt

i

d’pb(mOrml)

v d pp(my,my) < ', (me,my)

T 1l1-vt
As d',,(m;m) > 0asil— o

Hence, sequence {m,;}is Cauchy sequence in Y.

By completeness, there exist a point m* which belongs
to.

Since, {m;} convergestom* as - o

limy,e d'pp (M, m*) = d',p(M*,m*) =

limy,e d'pp (Mg, m) = 0

(3)

Now, we show that m* be the fixed point of T.

d'pp (", VM T gmey) <

¢ d,pb(m*rmHl)
+d' pp (M1, VM g my)
—=d' pp (M1, Myy1)
d’pb(m*, [Vm*]a(m«)) <
td’pb(m*, [le]a(ml)) +
tHat ,, (V1) atmpy, [V 1))

d'pp (m", [Vm*lgmy) < td'pp (m, [le]a(mz))
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ad'yp (mlr [le]a(ml)) +
azd’pb(m*, [Vm*]a(m«)) +
[ "o (M, VM lagm) +
d'pp (M, VI o))
{ o6 (M, VI la(m) "’}
d'pp (M, VI o(mp))
a4 pb(mr [Vm*]aon))
3tld’p, (my,m*) + d’pb(m*, [Vm*]a(m*))

+t

~

as ., .
Zd pb(mlrm )

d'pp (M, VM) < td'p(m*,myyq)
ardyp (Mg, myyq) +

d’pb(m*, [Vm*]a(m«)) +

a [d'pb(xlr Vx o)) +] +
d,pb(m*rmHl)

+t [{d,pb(mlr Tm* a(m )) +d b(m* ml+1)}]
[ d'pp (M, [T Jo )
3t d'pp(mym*) + d’ pp(m*, [V yom)

+

27 ' (mym)
d'pb(m*r [Vm*]a(m*)) < td'pp(m*,mygq)
a;d',p(m*,myq) +
a, ’pb(m* [Vm* ]y )) +
0 d’pb(m [Vm*] gm* )) +
pb(m ;M)
+ed [ (my, VM Tgen) +d'pp (", m)}
Ay pb(m [VmJaom)

-2 +
3t| d'pp(mym*) + d' pp(m*, VM1 ymey)

5 5 *
Zd pb(mlrm )

[as m; » m*]
d’pb(m*, [Vm*]a(m«)) <(t+ta, + ta3)d’pb(m*,ml+1)
AP . «

?) 'y (M, VM 1yney)

4s . .
+?d pb(mlrm )

+ (ta2 +taz +

By using eq. (3) and taking limit [ = co,we get
a,
[1 - (ta2 + tag + ?A‘)] ' (M, VM gny) < 0
So, we get
€ [Vm*]a(m«)
Hence, m* be the fixed point of V.
Example 2.1: LetY = Q* u{0}and d'p, = |, —
s1"'|,whenever r;"',s,"" € Y then (Y,d’pb) be complete
partial b-metric space with constantt > 1. Define a fuzzy
mapping V:Y - F(Y) by
0, 0<v<n'/4
" _J1/2, r''/4<v<n'"/3
V(Tl )(U) - i 1/4' Tl” <v< T1”/2
1, n'"/2<v<1
Forall r,” € Y,there3 a(r,'"") =1 s.t.

Chauhan & Nandal

" n"
[VT1 ]a(rl”) = [Or 4 ]

Considerr;” = 1€ X and r = 4, then By, (r,",1) =
[0,5].

1 1 1 1 1
Letai—ﬁ,az 20003 = 550 0a = 55,05 = Then
Hd’pb([Vrl”]a(rl”)r[Vsl a(sl”))

1 " 1 s,
< n - - n —_
=50l "4 |Two T2

510
N 1]? 4
30 I
R
[ 4
" S1 " n'
{In =]+ s - =)
s n
1 |S1” _TT

n
S
60t |T1” S1”| |Si” 1

L1
20¢!

T1” _ Sl”l

Then by theorem 2.1
d'pp(r” [Vr1”0]a(r1” ) <v(l-tvr

as
(a1 + taz + Zt) < 1

(1 - (az + tas + ?)) t
then, all the conditions of theorem 2.1 is satisfied,
30€ By, (", 7). Then O is the fixed point of V.
Theorem 2.2 Let (Y,d',;) is complete partial b-metric
space with constantt > 1. Let V,W:Y - F(Y)is fuzzy
mapping and let x, is any arbitrary point in Y. Suppose
there exists a,(x), ay (x) € (0,1] Vx €Y satisfying the
following conditions:
Hd'pb([vx]av(x)' [Wy]aw(y)) = ald’pb(x' [Vx]av(x))
+a2d’pb(yr [Wy]aw(y))

d'pp (% [Wylay,00) +

d'pp (y, [Vx] av(x))

a
+24;d’pb(x,y)

V=

3

and
' (%0, [VXolay () S VA = tV)rV 1,y € By (xo,7),7
>0andtv<l1,

(as+az+2a;t+22)

where ,v = Also,a; = 0, where i =

2—(a,+a,+2ast)
1,2...4with (a; + a,)(t+ 1)+ t(t + D2az+a, <
2 and 2a, + 2a, + 4a; + a, <2 whereY! , a; < 1. Then,
there exist x* in Ba'pb(xmr) such that the common fixed

point of V. and W is x*.
Proof: Let xyis any arbitrary point in Y stx; €
[Vxolayx,)- Let @ sequence {x,,} of points in X such that

Xau41 € [VXo)ay ey X142 € IWX2141) ey -
First we show that x,, € Bd,pb(xo,r) vne N

d’pb(xorxl) = d’pb(xor [VXO]aV(xO)) svl-tvr<r
= x €Byr,, , (X0, 7). Let x5, X5, ... ... ;€ Bdrpb(xo,r),j EN.
Ifj =21+ 2wherel=0,12.. >
Now, by using lemma 1.1 we get
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d' pp (2141, X2142) +a,d’ pp (21, X2041)

= Hd’pb([Vle]aV(le)r [szl+1]aw(le+1)) +a3t[d’pb (x21,%2141)
< ald,pb(ler [szl]av(le)) +d'pp (%2141, X2142)]
a
+ayd py (Yore 1 WXzt 41l Geaie)) + 2—;' d’' oy (X141, X21)
d’ ,[W
+ 3[ pbr(xz(l [ leH]“W("Z“l))) +] A’ pp (o142, X2141) < (ag + azt)d pp (o141, X2142)
d X141, [V a
ZZ 201+1 [ Zl]av(le) +(a2 + ast +2_§) d,pb(lerle+1) (5)
U
+o.d pb(Xa1, X21+1) On adding equation (4) and (5), we get
a
< ayd'pp (eap X2141) + @2d pp (X141, X2142) 2d’ (X142, X2141) < (a1 + ast + 2—4) d'pp (X1, X2141)
d’ (a1, X2142) + ’ ¢
taz| +(a; + a; + 2a3t)d’ pp (Xz141, X2142)
pb(x21+1rx21+1)

a,
+(az + ast + 21 d'yp (21, X3141)
24’ pp (X142, X2141) <

Ay ag\
(a1 tast+o-+a, +ast +E) d’ (X1, X2141)

a,
+E d' pp(X21, X2141)

Then by using 4™ condition of partial b-metric space, we

get
A’ pp (Xor41, X2142) < a1’ pp (X2, X2041) +(ag + ay + 2a3)d’ (X141, X2142)
+a,d oy (X141, X2142) 2d' oy (X142, X2141) <
! a
[ tld pb(xszzl+1) ] (a1 +a, +2ast + 74) d'pp (20, X2041)
d’ p(Xop41, % -
taz pb Ozt X2142)] +(ay + az + 2a;t) d'pp (X2141, X2142)

d’pp (X211, X2141) +

' (x ors) 2d' (X112, X141) — (A + ap2a3t) d'pp (Xp111, X2142)
pb\A21+1 *21+1 ay, ,
a, < (a1 +a, +2a5t + —) 'y (X1, X2141)
+Zd oo (X2 X2141) t
+(ay + az + 2a;t) d'pp (X2141, X2142)

A’ oy (o141, X2142) < a1 (X1, X2141)
b ’ b ’ d,pb(x21+2rx21+1)

+a,d oy (X2141, X2142) 5 a
a; +a, +2a t+—)
+a3t[d’pb(le,le+1) ( 17 3 )y o ot Xo141)
d’ = 2—(a; +ay+2agt)  PoETEAL
+ pb(x21+1rx21+2)]
+ 2 (X Xp141) (6)
2t pbA2b 21+ (ai+ay+2a5t+%) 4
a, As,v=—"—Lt2 <=

2—(a,+a,+2azt) t
Then by the equation (6), we get
A" b (141, Xo142) S VA5 (X, X141 )(7)

d’pp (Xop1, X2142) < (a1 +ast + Zt) d' oy (X0, X2041)

+(az + azt)d’ (X141, X2142)

(4)
Also Onth if j=20+2wherel=0,12....=*
Ay Clgtnns Xare1) e same way, if j = where 1=012...—
= Hd'pb([Vx21+1]aV(le+1), [Wxﬂ]aw(le)) d pb(le+2rle+3), <vd pb(le+1rx21+222+1 , (8)
then by eq. (7) d'p,p (X401, Xo142) < V", (0, X1)
: 9)
< ayd’ (2041, VX141 ]y (1)) (
, and by eq. (8) d',, (X242, % <vAF2Z gl (x, x
+a,d pb(ler [Wxﬂ]aw(xu)) Yy €q. (8) d' pp (X142, X2143) pb((;)o)i)
+a, [d f’b(x21+1' [Wxat) ey a0) + then by adding equation (9) and (10), we have
d plzl(ler [szl+1]aw(le+1)) d’pb(x‘rxj+1) < de’pb(XOrx1) VjEN (1 1)
+— d’ pp (2141, %21) Now,

2t
d,pb(XOrxj+1) < [td' pp(x0, 1) +

24
d’ oy (o112, X2141) < 1A 5y (Xp111, X2142) t2d"pp (61, X0) + - +

j+1
+a2d,pb(lerle+1) t d,pb(x"xj+1)]_
d,pb(x21+1rx21+1) + d,pb(Xerl) - d,pb(Xerz) -
Tl G Xaes) d' (%)
pb (X2, X142 e —d'pp (%, X
Ay
+Zd'pb(le+1,le) d,pb(xorxj+1) < td'pp (%0, 1) +
tZVd,pb(XOrxl) + ot

A’ oy (o112, X2141) < a1d" 4y (Xp111, X2142) j

+a,d’ (%, x i ,
2 , pb( 2l zl+1) ti+lyid pb(x0rx1)] — Z d pb(xs'xs)
[ d pb(x21+1rx21+1) ] ~
| Now, we show that d’,, (x5, x5) = 0
d,pb(x21+1rx21+2) | Then,

1
_d,pb(x21+1'x21+1) J d’pb(xsrxs) = Hd’pb([vxs—l]av(xs_l)r [Wxs—l]aw(xs_l))
a,
+Z a’' pp (o141, X21)

d’ oy (o112, X2141) < a1d" 5y (Xp111, X2142)

+t[d’pb(le,le+1) +
+a3i
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< ald,pb (xs—1r [sz—l]av(xs_l))
+ azd,pb(xs—p [Wxs—l]aw(xs_l))
" s [d,pb(xs—p [Wxs—l]aw(xs_l)) +

d'pp (XS—l' [VXS—l]av(xs-ﬂ)
%d,pb (xs—1,%5-1)
By using 1 condition of partial b-metric
d'pp (x5, x5) < ard’ pp(Xs—1, X5) +
ayd' pp (Xs_1, Xs) +
d’pp(xs_q,x5) +
3 [ d,pb(xs—pxs)

d,pb(XOrxj+1) < [td' pp(x0,x1) + tZVd’pb(XOrxl)

+

o AT A (0, )]
‘ t1- ()t
d'py (%0, %j41) = ﬁd pb (X0, %1)
, t(1 - (tv)/+t
d pb(xo,xj+1) < %v(l —tvr<r

€

w

> Xj41 € Ba'pb(xmr)- Hence by induction x
By, (xo,7) forallw € N.
Now, we show that sequence {x,} is Cauchy
sequence.
So, equation (11) can be written as
A" pp s X 11) S VYA (%0, %1)
Let i and w be two positive integers, i <w
Xi, X; +
o) < e[ e )]
_d,pb(xi+1rxi+1)
d'pp (xixy) < td' (X xi40)) +
t2d" pp (Xiv1, Xig2 +
.+
tW‘id’pb(xw_i,xw)
d' pp (i, %) < [tVEd pp (0, %1) +
tzvi“d’pb(xo,xl) +
et
eI, (g, )]
1

+tv + t2v?

d'p (X, %,) < tvt ', (X9, %1)

_l_tw—i—lv.lln./—i—l
i
!
d'pp (X, %) < m
! tVL !
o dlpp (i ) < 7 d pp (o, %1)

As d'pp(x;,x,,) 2 0asi,w - o

d’pb (xg,x1)

Hence, the sequence {x,,}is Cauchy sequence in
Bd’pb (XOrr)'

By completeness of Bar,, (x0,7), there exist a point
x* € N.

Since, {x,,} converges to x* asw — o

‘}/I_IBO d’pb(xer*) = d’pb(X*rX*) = 1,1111—{?0 d’pb(xwrxw)

=0

Chauhan & Nandal

Qq
2% d,pb (o5-1,%5)

d,pb(xsrxs) <(ag+a+ 2a3)d’pb(xs—1r Xs)
a, |,
+ Zd pb(xs—1r Xs)
/ AL
d’pp (x5, x5) < (a1 +a, +2a; + ?) d’pp(xs-1,%5)
d’pb(xsrxs) < Ad’pb(xs—lrxs)
and so on
d,pb (xsrxs) < Asd,pb (xorxl)
Where 1 = 2a, + 2a, +4a3 + a,

Then by taking limit s — oo, we get
d,pb(xsrxs) =0

Now, we need to prove x* is the common fixed point

of Vand W.
d’pp (X", X2 41)
d' pp(x*, [Wx* 9) <t , P .
Pb( [ ]aw(x )) +d pb(x2W+1' [Wx ]aw(x*))
< t[d,pb(X*rx2w+1)
+Hd’vb([Vx2W] ay (xay)’ [Wx*]aw(X*))

d'pp (", Xaw 1) +
ald’pb (x2wr [VXZW] aV(xZW)) +
azd’pb (le+1r [Wx*]aw(x*)) +

d' o (Xaw, W] gy ) +

’ drpb(x*' [VXZW]aV(xZW))
Qs .

| Zd pb(x2wrx )

d’pb(X*r [WX*]aW(x*))

[ d,pb(X*rx2w+1) +
ald’pb(XZWrx2w+1) +
azd,pb (x2W+1r [Wx*]aw(x*)) +

=t as d’Pb(XZW' [WX*]aw(x*)) +
d,pb(X*rx2w+1)
Qs .
Zd pb(x2wrx )
Then by taking w — oo, we get
[1 - t(az + a3)]d’pb(X*r [WX*]aW(x*)) <0
SO, [WX*]LZW(X*) € x*
This implies that x* € Yis a fixed point of W.
On same way we can prove that x* is the unique fixed
point of V and W.

lil. CONCLUSIONS

We have introduced the fuzzy mapping concept in

+

partial b-metric space. Some fixed point theorems are
proved to get the unique common fixed point. This
result extends the result of Shoaib et al. [18].
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